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ABSTRACT

The configurational integral can in principle, though not in practice, be deter-
mined from the ratio of accepted to rejected moves ({ay(v)>) in the Monte Carlo
method of Metropolis et al., if the moves consist of simultaneous random
displacements of N particles uniformly distributed over the sample volume v.
In the usual Monte Carlo process only one particle at a time is displaced within
a small volume. If this volume is suitably chosen (vp), the acceptance ratio
({a,(vp)y) determines the mean free volume per particle (v, = vp{a;(vp))).
Evidence is presented supporting the approximate validity of the relationship
{an(®)) = {a;(vp)>¥ which permits the evaluation of the configurational
integral. The entropies calculated in this way for a system of 108 Lennard-
Jones particles with parameters corresponding to argon, are in good agreement
with the experimental values for solid and liquid argon. The results indicate that
the full amount of the communal entropy appears on fusion.

In the well-known Monte Carlo (MC) method of Metropolis et al.!
certain many-dimensional integrals containing the Boltzmann factor as
weighting function are evaluated by means of the following procedure:
configurations of a system of N particles are generated by small random
displacements of single particles; if r} is the configuration after « moves
and the next trial move leads to r¥, then this move is rejected (by setting
rY,, =1) if and only if the difference between the potential energies
P(r) — oY) = A,® > 0and exp (— A, @/kT) < n, n being a number chosen
a}}; rand?vm between 0 and 1; otherwise the move is accepted (by setting
ra+ 1= ra')-

If in this process configurations were generated by simultaneous displace-
ments of all N particles to random positions uniformly distributed over the
sample volume v, the configurational integral could in principle be evaluated
from the mean acceptance ratio for the trial moves
§5 .- 5 exp [ = {®E") — Prin.}/KT] dr"_ Q(NVT)exp (Ppuin /kT)

N

6. J6dr¥ v
- lim %" exp [—{0Y) — D, }/kT] _ no. of accepted moves
Mo am1 M no: of attempted moves
= {anv)> n
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Table 1. Comparison cf the statistics of consecutive acceptances (runs) of MC moves with the
corresponding statistics for independent events of equal probability. calculated with the formula?
f(M) = M(1 — p) p*/(1 — p*), with p = {a,(v5)), v, = (47/3) R}

T = 50-0 V = 2424 N = 108
a 2 8 14 20 26 32
Sobs. 51375 7922 2619 1032 403 175
e 51376 7900 2619 1010 410 170
T =970 V = 28-48 N = 108
a 2 11 20 29 38 47
Sobs. 54540 5881 1776 668 241 103
alc. 54540 5906 1808 654 250 97
T =970 V = 2848 N =108
a 2 11 20 29 38 47
Sobs. 69528 6461 1632 488 129 38
ale. 69482 6439 1626 473 143 44
T =970 V = 2848 N =108
a 2 4 6 8 10 12
Sobs. 36428 9089 2898 943 315 95
ale. 36371 9157 2840 931 311 104
T =970 V = 2848 N = 108
a 2 4 6 8 10 12
Sovs. 32407 7427 2068 607 175 53
ale. 32517 7379 2031 585 171 50
T =970 V = 28:48 N =108
a 2 4 6 8 10 12
Sobs. 28700 5757 1421 333 91 27
cale. 28544 5711 1360 336 84 21
T =970 V = 2848 N = 108
a 2 4 6 8 10 12
Sobs. 25043 4419 938 207 36 13
ale. 25165 4446 919 196 42 9
T =970 V = 2848 N =108
a 1 2 3 4
Jobs. 2842 57 0 0
e, 2842 60 1 0
T =970 V = 2848 N =256
a 1 2 3 4
Sovs. 6402 131 0 0
ale. 6402 134 3 0
T = 2982 V = 6998 N =108
a 2 24 46 68 90 112
Sovs. 60098 3117 980 342 143 62
ale. 60082 3109 948 355 142 58
T = 2982 V = 6998 N =108
a 1 2 3 5 6
Jobs. 24269 3460 567 94 17 5
ale. 24269 3467 564 94 16 3

R, is range of displacements in A.

V is volume in cm® mole ™. M is number of attempted displacements.

N is number of particles. a is number of displacements accepted consecutively {length of run).
fuve @and . are the observed and calculated frequences of the number of displacements accepted consecutively.
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T is temperature in °K.
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(Ppin. is the lowest potential energy attained, and the angular bracket
indicates an ensemble average; v = ).

This method is impracticable because the acceptance ratio <{ay{(v)) is
too small and the numerical labour too great. Both difficulties are overcome
in the usual process by the displacement of one particle at a time within
a small volume v < v), centred on the current position of the particle. The
mean acceptance ratio, {a,(v;)>, has no physical significance here. When the
range of attempted displacements is increased, the product v,{a,(v;)}>
increases up to a limiting value v} such that for vj, > v} the probability of
acceptance of moves ending outside vy, it is virtually zero. For solids and
liquids not too near the critical point, v, < v/N ; for fluids of lower density
even large displacements are accepted, i.e. v, = v. The acceptance ratio
{a,(vp)) is the MC estimate of the integral

<jexp (—(D(ry) — Puin VKT dr Dy 1/vp (2

where ®!(r;) and ®.;, are the energy of particle 1 and its minimum value
within v, and the subscript N — 1 indicates an average over all configura-
tions of particles 2 to N. The numerator of expression 2 can be interpreted as
defining the free volume, v,.

The evaluation of the configurational integral is based on the proposition
that, to a sufficient approximation,

(an)> = {a, )" ()

First, it will be noted that the acceptance ratio for displacements over the
whole volume v can be determined from

vpa,(vp)) = v<a,(v)) (4)

{for dense systems {a,(v)) is too small to be obtained directly.) Secondly,
since the MC evaluation of a many-dimensional integral can be effected
either by sampling the different dimensions simultaneously or consecutively
(in cycles)

ay()y = <a,(0)") ©)

i.e. the mean probability of acceptance of a simultaneous displacement of N
particles equals the joint probability of acceptance of N successive moves of
one particle at a time. Thirdly, numerical experiments indicate that

Cay(0)") = {a, ()" (6)

The statistics of runs of acceptances in the MC process have been compared
with the known statistics of runs of independent events?. The results are
summarized in Table 1. To obtain runs of length N (= 108), it is necessary
to reduce the range of displacements, R, drastically. Alternatively, when R,
equals the radius of the spherical volume vy, only short runs are obtained.
Under both these conditions the observed statistics agree closely with the
statistics of independent events. Although this evidence for the validity
of equation 6 is not entirely conclusive, it does indicate that the two sides of 6
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differ by less than an order of magnitude. A small error would have little effect
on the entropy: since

S/Nk = (1/N) log 0™{a,(v)¥)) + other terms,

a discrepancy by a factor ten between the two sides of 6 would (with N = 108)
lead to an error of less than three per cent in the configurational entropy.
The configurational partition function can therefore be written in the form

Q = Cexp (= Ppin kT)(<a,0)))" = C exp(— Ppyin /KT) v} (7

The value of C depends on the nature of the system: for localized particles
(in solids), C = 1; for dense fluids, when vj, < v/N, C = NV/N!; for fluids
of lower density, when v, = v, C = 1/N!. There is a (not very extensive)
region below the critical temperature where v/N < v, < v, when the present

method is not applicable.
Entropies have been calculated with the formula

S/Nk = ({(®)> — ®;, )/NKT + 1:5{1 + log(2rmkT/h?)}
+ (1/N)log C + logv, 9

for a model consisting of 108 (or 256) Lennard—Jones (12-6) particles with
parameters corresponding to argon As a first approximation @,_;, was
equated to the lowest total potential energy attained in the MC experiment
(method A). Table 2 shows that this leads to entropies which are consistently
by about eight per cent lower than the experimental values. This procedure
is also unsatisfactory because ((®) — @,,;, )/NKT estimated in this manner
varies as N~ /2 instead of being an intensive quantity. This objection does
not hold if &, is set equal to (N/2) { @y, > Where (&, > is the mean value
of the minimum of the potential energy of a particle in the field of the other
particles. This step may be further justified as follows. Equation 2 can be
written in the form

{a,(v)) = <§F1(rN) drydy-_1/v
= (.. [(FyF)dr,. . dry[F dr,/{..[(Fy/F,)dr,..dry{dr,

where Fy = exp (—(®(r") — @,,;, Yk T). If equations 5 and 6 are to be valid,
one must equate F, to

exp (— (D' (r") — DL (rp, ., 13))/2kT)

and
Dpin, t0 NPy /2,
where
. .
(rY) = jzz (D(lrj - l'1|)
and

N
q)xiun (rZa ‘e 7rN) = z q)(lri - l-l(min,) (rZa LY rN)D
j=2

308



ENTROPY BY A MONTE CARLO METHOD

(DL is determined from separate MC data. The values so obtained are in
satisfactory agreement with the experimental entropies for solid and liquid
argon (Table 2, method B). The persistent discrepancy for the gaseous v, T
point is almost certainly due to the difficulty of determining <& rin > i0 this
case.

In spite of this uncertainty, which calls for further investigation, the present
methods has some advantages compared with the MC method employed in
the impressive work of Hansen and Verlet*. The statistical convergence of the
acceptance ratio is excellent and the statistical error in the entropies after
2 to 3 x 10° moves is of the order of one per cent. This compares very
favourably with the accuracy of the MC estimate of pressure which is
required in methods based on the integration of p dv along isotherms®.
Moreover, whereas the evaluation by the latter method of the free energy
and entropy at one V,T point requires MC pressure data for ~12 V,T
points, the proposed method requires data for one V,T point only. A similar
saving of computational labour applies to MC calculations of the free energy
of mixtures: these have been evaluated by integration with respect to
continuously varying parameters along an isotherm®. The most promising
field of application of the present method is perhaps the calculation of
the free volume and the entropy of different molecular and ionic species in
mixtures.
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